
1 Lever arms assumption
One of the important assumption done in the MPC model involves the lever arms as following :

d

dt
(Iω) ≈ Iω̇ =

n∑
i=1

(ri − p) × fi ≈
n∑

i=1

(ri − p∗) × fi (1)

ω is the angular velocity such as : ω =

 θ̇φ̇
ψ̇

. The angular position vector is Θ =

θφ
ψ

 =

 rollpitch
yaw

.
ri is position of the foot in the optimisation frame. p is the vector position p =

xy
z

 and p∗ is the

desired position. This approximation is made to solve the problem more easily. Indeed, by deriving,
this term does not appear in the Jacobian. Let’s first analyse this approximation in the MPC solver
behaviour.

1.1 Derivative of the dynamic
The partial derivative Fx needs to be computed. With the previous assumption, the B matrix

depends now on the state vector Xk.

Xk+1 = AXk +B(Xk)Uk = dynamics(Xk, Uk)

where Xk =
[
xk yk zk θk φk ψk ẋk ẏk żk θ̇k φ̇k ψ̇k

]T
and p is the 3 first parame-

ters that represents the position of the CoM. The command vector is UT =
[
fx1 fy1 fz1 . . . fxn fyn fzn

]
where fx1 is the ground reaction force among the x-axis in the local frame of the first foot.

Fx =
∂dynamics

∂Xk
= A+

∂B

∂Xk

B(Xk) = B(p) = ∆t


03 . . . 03
03 . . . 03
1
mI3 . . . 1

mI3
I−1[r1 − p]× . . . I−1[rn − p]×


[. . . ]× is a 3x3 skew-symmetric matrix that represent the cross products as matrix multiplica-

tions.
Let’s take the following notation : b(p) = I−1

∑n
i=1(ri − p) × fi

Then,

∂B

∂Xk
= ∆t


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03 03 03 03
03 03 03 03

∂b
∂xk

∂b
∂yk

∂b
∂zk
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
Now, for example with the xk variable :

∂b
∂xk

= −I−1
∑n

i=1

1
0
0

×

fxifyi
fzi

 because (u× v)′ = u′ × v + u× v′ and ∂p
∂xk

=


∂xk

∂xk
∂yk

∂xk
∂zk
∂xk

 =

1
0
0


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