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1 Cubic B splines

Let
e m be an integer bigger than 7,
o g <t; <---<t,_1 an increasing sequence of real values,
e x; € R2,0 < i< m—5 control points in the plane.

We define the curve x from interval [t3,t,, 4] in R? as

m—>5
X = Z bi’gxi (1)
=0

where b; 3 are the basis function of cubic B splines:

big = (Biilittip) + Biit1 Lt tinn) T Bisitolit o tis) + Bisitslit s b))
1=0,....m—2>5
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and for any interval I of R, I; is the function equal to 1 over I and to 0 outside
1.



2 Trajectory of the center of mass

2.1 Input

The input of the walk generator is a sequence of time-stamped steps defined as
follows:

1. p is a positive integer not smaller than 3,
2. 79,71, -+ ,T2p—3 is an increasing sequence of real values,

3. 80,81, ,Sp_1 is a sequence of p elements of R? representing the succes-
sive positions of the foot centers.

4. c;inir € R? is the initial position of the center of mass at time 7,

5. Cfinal € R2 is the final position of the center of mass at time Top—3-

2.2 Reference trajectory of the center of pressure

We define a reference trajectory of the center of pressure called zmp,.., as a
continuous piecewise affine curve as follows:

Zmpref(TO) = Cinit
zmp,. (1) = s
ZImp,.e ¢ (TQ) = 5
Zmpref (T3) = S2

zmp, . ;(Top-5) = Sp-2

Zmpref (T2P—4) = Sp-2

Zmp'ref (T2;Df3) = Cfinal

such that zmp,..; restricted to each interval [7;, 7;41] with i € {0,1,--- ,2p—4}

is affine.

2.3 Trajectory of the center of mass

We restrict the trajectory of the center of mass to be a cubic-spline defined by
Equation (1). We want

e the whole center of mass trajectory to be defined on interval [y, T2,—3],
and

e [ > 1 knots on each interval [r;, 7541), ¢ € {0,--- ,2p — 3}.



We get the following relations between the various parameters:

m = (2p—-3)I+7
t3 = T0
tm—4a = Top—3
to = 10—3 tp—z = Toyp—3+1
We set ti = 702 tm—2 = Top-3+2
to = 7'0—1 tim—1 = 7'2p_3+3
and
; Y/ J .
34kl+; = —— Tkt T Tkt1 fOI'jE{O,-"J—l},kE{O,-",Qp—4}

l l

2.4 Trajectory of the center of pressure

Let g be the gravity constant, and z the constant height of the center of mass.
By denoting w = \/g/z, we get the simplified formula for the center of pressure
of the robot:

1
zmp =X — —X
w
By setting
1.
zi3 = bz — Ebi,?)

we get an expression of the center of pressure with respect to the control points
of the cubic B spline:

23 3X; = Z %3 3% (2)
=0

2.5 Optimal control problem

We denote by X = (xq, -+ ,Xm—5) the vector of control points. We wish to find
the cubic B spline trajectory that minimizes the following cost function:

c00) 2 5 [ Jmp(t) — smp, () ®)

0



Let us expand this formula using (2):

2p—4 2p—4

1 T2p—3
C(X) = 7/ (Z Zi3X; — zmpTef(t))T( Z 2; 3X; — zmp,..(t))dt
g i=0

2
0 =0

m

1 m—5m—>5 Top—3 m—5 Top—3
= 5 Z Z / 2i3253(t)dt X7 xj — Z / ziygzmpgef(t)dt X;
i=0 j=0 /T =0 Jmo

j 0

T2p—3 T
+ / zmprefzmpref (t)dt

70

The cost function can be rewritten as

C(X) = %XTHX —b'X +Co
with
H — ( fTTozpf?’ i 32;,3(t)dt I )i,j:O,--~7m—5
b= ([ zisrmp,,(t)di )i:0,~»~,m—5
Co = /%73 zmp,, ;zmp, . ; (t)dt
70

C(X) is the sum of two terms that respectively depend on the x and y coordi-
nates of the control points. Let us denote x; o, X;,1 the abscissa and the ordinate
of x;, zmp,.. s, zmp, ., the abscissa and ordinate of zmp,.. ;, and let us define

Xo = (%00, ,Xm-5,0)
X1 = (%01, " ,Xm—51)
b() = ( ‘/:(—)21)73 2,3 Zl’l’lprefo(t)dt >i:0 S
b = ( f:ozp—s i3 zmp,. ; (t)dt )i=07.'.7m_5
T2p-3 .
HO = Hl = ( f‘ro Zl7gzl7,3(t)dt )i,j=0,~-~,m—5
Then,
Lor T | T
C(X) = iXo H()Xo—bo X0—|-§X1 H{ X, _bl X1 +Cy

The problem can therefore be decomposed into two decoupled sub-problems,
one in Xy and the other one in Xj.
2.5.1 Linear constraints

Boundary conditions can be added as a constraint on the value of the trajectory
of the center of mass and its derivative at a given parameter — usually at the



beginning or at the end of the definition interval. Each of these constraints is
defined by a tuple (¢,y,¥) € [0, T2p—3] x R? x R? and is linear in the vector of
control points.

m—>5

bi’g(t) X =Yy (4)
=0
m—5.

bis(t)xi =y (5)
=0

These constraints can be translated to each sub-problem as follows:

AoXO = Cp
A1X1 = C

with

_ a [ bos(t) bis(t) -+ bm_ss(t)
A=A = (b0,3(t) by s(t) --- bm—5,3(t))

Yo
C = .
0 ( Yo

Y1
C = .
' (m>

2.5.2 Resolution of the quadratic program
The constrained problem can be expressed as follows for ¢ € 0, 1:
n)l(i? %XiT H;X; —b] X; such that A; X =¢;
using the singular value decomposition of A;
Ai=(U U )2(vi Vo)
we get a parameterization of the affine sub-space defined by the constraint:
Xi=X;o+Vou ueRmATrank(4)

where X;g = A;rci. Solving the constrained QP consists in finding u that
minimizes

1
a&wwmfmum+%m—fum+%w
1

= 5uTvoTHivou + X[ H;Vou — bl Vou + Ciste

1
= 5uTVOTEm/Ou + (Vi HiXi0 — Vi b)) u+ Cste



The value of u that minimizes the above expression is given by

= (V" H;Vo) (Vi b — Vi H; X0)

2.6 Computation of the coefficients

%3 = (Zi)iﬂ[tigtiJrl) + Zixi+1H[ti+17ti+2) + Ziyi+2ﬂ[ti+27ti+3) + Zi7i+3]l[ti+3,ti+4)>
1=0,...,m—2>5
with
1 .
Z;.i(t) B;; — EB”
1 .
Ziix1(t) = Bijy1— EBMH
1 .
Ziiy2(t) = Biiyo— EBMH
1 .
Ziiv3(t) = Biiys— EB’L',H»S

Matrix Hy is symmetric. For any integer ¢ such that 0 < ¢ < m — 5, and any
non-negative integer k, such that £ < 3 and i + k < m — 5, The coefficient
(4,7 + k) of matrix Hy, with k& € {0,1,2,3} is equal to

T2p—3
Ho iite = / i 3%i+k,3(t)dt
T

0
3—k

ithtit+1
=) / ZiivktiZitkyith+s(t)dt
. t
§=0 Y tithk+ts

The coefficients of vector by are equal to:

tm—a
bo i / (Ziilit; i) + Zisie L,y tiy) + Ziiralits o tins) T Zisital[tiss tip)) 2MP,e g (t)dt

t3

min(3,m—5—1)

it+j+1
E / Ziivjzmp,..p,(t) dt
tity

j=max(0,3—1)

Special cases for boundary conditions

Ift = T0 = t3,
Ag= A, — ( 50,0+3(t3) B1,1+2(t3) 52,2+1(t3) 0O --- 0 )
! Boot3(ts) Biita(ts) Baayi(ts) 0 -+ 0
Ift = T2p—3 = tm_4
A :Al _ < 0 - 0 Bm—7,m—4(tm—4) Bm—ﬁ,m—4(tm—4) Bm—5,m—4(tm—4) )
0 0 - 0 Bm—?,m—4 (tm—4) Bm—ﬁ,m—4 (tm—4) Bm—5,m—4 (tm—4)



3 Trajectory of the feet

We define the trajectories of the feet as piece-wise polynomial curves of degree
3. Let us recall that for any polynomial function P of degree 3 and any t € R,

we have
Pt) = <2P(O) —2P(1) + P(0) +P(1)) 3
+ (—3P(0) +3P(1) — 2P(0) — P(1)) 2
+ P(0)t + P(0)



